A QUANTITATIVE DISCRETE ELEMENT MODEL TO INVESTIGATE SUB-SURFACE DAMAGE DUE TO SURFACE POLISHING by André, Damien et al.
A QUANTITATIVE DISCRETE ELEMENT MODEL
TO INVESTIGATE SUB-SURFACE DAMAGE DUE
TO SURFACE POLISHING
Damien Andre´, Ivan Iordanoff, Jean-Luc Charles, Je´roˆme Ne´auport
To cite this version:
Damien Andre´, Ivan Iordanoff, Jean-Luc Charles, Je´roˆme Ne´auport. A QUANTITATIVE
DISCRETE ELEMENT MODEL TO INVESTIGATE SUB-SURFACE DAMAGE DUE TO
SURFACE POLISHING. Proceedings of ASME 2012 11th Biennial Conferences On Engineer-
ing Systems Design And Analysis, Jul 2012, France. ASME, 4 : Advanced Manufacturing




Submitted on 16 Jun 2014
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.

Science Arts & Métiers (SAM)
is an open access repository that collects the work of Arts et Métiers ParisTech
researchers and makes it freely available over the web where possible.
This is an author-deposited version published in: http://sam.ensam.eu
Handle ID: .http://hdl.handle.net/10985/8265
To cite this version :
Damien ANDRÉ, Ivan IORDANOFF, Jean-Luc CHARLES, Jérôme NÉAUPORT - A
QUANTITATIVE DISCRETE ELEMENT MODEL TO INVESTIGATE SUB-SURFACE DAMAGE
DUE TO SURFACE POLISHING - 2012
Any correspondence concerning this service should be sent to the repository
Administrator : archiveouverte@ensam.eu
A QUANTITATIVE DISCRETE ELEMENT MODEL TO INVESTIGATE SUB-SURFACE
DAMAGE DUE TO SURFACE POLISHING
Damien Andre´
Arts & Me´tiers ParisTech,





Arts & Me´tiers ParisTech,





Arts & Me´tiers ParisTech,





Commissariat a` l’E´nergie Atomique,
Centre d’E´tudes Scientif ques et Techniques d’Aquitaine,
F-33114 Le Barp, France
Email: jerome.neauport@projet-lmj.org
ABSTRACT
This work is a continuation of a previous study that investi-
gated sub-surface damage in silica glass due to surface polish-
ing. In this previous study, discrete element models have shown
qualitatively good agreement with experiments. The presented
work propose a model allowing quantitative results by focusing
on the continuous part of the problem. Special attemption was
given to the discrete element model of silica glass considered as
perfectly isotropic, elastic and brittle. To validate this approach,
numerical results are compared to experimental data from liter-
ature.
Introduction
When fused silica optics are submitted to high-power laser
(such as megajoule laser or National Ignition Facility) at the
wavelength of 351 nm, fused silica optics can exhibit damage, in-
duced by the high amount of energy traversing the part [1]. Cur-
rent researches have shown that this damage could be initiated
on pre-existing Sub-Surface Damages (SSD) created during the
polishing processes [2–7]. The discrete element method (DEM)
is proposed to simulate the polishing process and its impact on
sub-surface damage creation.
Discrete element model is well adapted to simulate a media
that has a great number of interfaces. It has been widely used to
study tribological problems like wear phenomena [8–14]. In this
kind of problem, the material has a continuous part (the volume
above the surface that is not yet affected by the wear), a continu-
ous part with cracks (called sub-surface damage in abrasion pro-
cess terminology) and a discontinuous part (the interfacial media,
called third body, that is a mixture of abrasive particles and wear
particles). Discrete element model must be able to simulate with
accuracy all these parts of the material.
This work is a continuation of a previous study that inves-
tigated sub-surface damage in silica glass due to surface polish-
ing [15]. In this previous study, discrete element models have
shown qualitatively good agreement with experiments. The pre-
















),*85(  /RRVH DEUDVLYH JULQGLQJ SULQFLSOH
FXVLQJ RQ WKH FRQWLQXRXV SDUW RI WKH SUREOHP 6SHFLDO DWWHPSWLRQ
ZDV JLYHQ WR WKH GLVFUHWH HOHPHQW PRGHO RI VLOLFD JODVV FRQVLG
HUHG DV SHUIHFWO\ LVRWURSLF HODVWLF DQG EULWWOH 7R YDOLGDWH WKLV
DSSURDFK QXPHULFDO UHVXOWV DUH FRPSDUHG WR H[SHULPHQWDO GDWD
IURP OLWHUDWXUH
/RRVH DEUDVLYH JULQGLQJ
7KLV ZRUN IRFXVHV RQ WKH SROLVKLQJ VWHS FDOOHG ORRVH DEUD
VLYH JULQGLQJ )LJXUH  VKRZV WKH SULQFLSOH RI ORRVH DEUDVLYH
JULQGLQJ 7KH VLOLFD LV VXEMHFWHG WR D YHUWLFDO SUHVVXUH DQG WKH WRRO
PRYHV KRUL]RQWDOO\ 7KH JULQGLQJ LQWHUIDFH LV FRPSRVHG E\ DEUD
VLYH SDUWLFOH LQ VXVSHQVLRQ LQWR D ZDWHU VROXWLRQ  WKH VOXUU\ 7KLV
SURFHVV FDXVHV VFUDWFKHV DQG GLJV LQVLGH WKH VLOLFD OD\HU 7KHVH
FUDFNV WDNH SDUW LQ WKH DEUDVLRQ SURFHVV EXW VRPH RI WKHP VXEVLVW
LQ D WKLQ OD\HU DQG JLYH WKH VXEVXUIDFH GDPDJH ]RQH
1XPHULFDO PRGHO
,QWHJUDWLRQ VFKHPH
7KH QXPHULFDO UHVROXWLRQ LV EDVHG RQ DQ H[SOLFLW LQWHJUD
WLRQ VFKHPH ZHOO DGDSWHG WR PDVVLYH '(0 VLPXODWLRQ >@ DQG
KLJK YHORFLW\ SKHQRPHQD VXFK DV IUDFWXULQJ RU LPSDFW VLPXOD
WLRQ 0DQ\ H[SOLFLW VFKHPHV FDQ EH XVHG  WKH 9HUOHW YHORFLW\
5XQJH.XWWD OHDSIURJ RU JHDU¶V PHWKRG   > §@ ,Q UHIHU
HQFH >@ WKH DXWKRUV KDYH FRPSDUHG WKHVH DOJRULWKPV ´LQ WHUPV
RI DFFXUDF\ VWDELOLW\ DQG &38 HII FLHQF\´ ,W DSSHDUV WKDW DOO RI
WKHP JLYH DSSUR[LPDWHO\ WKH VDPH HII FLHQF\
9HORFLW\ 9HUOHW VFKHPH LV FKRVHQ IRU LWV VLPSOLFLW\  'LVFUHWH
HOHPHQW SRVLWLRQ DQG YHORFLW\ DUH HVWLPDWHG E\












),*85(  7KH VLOLFD FXEH
W LV WKH FXUUHQW WLPH DQG GW LV WKH LQWHJUDWLRQ WLPH VWHS
S(W) ÚS(W) DQG S(W) LV WKH GLVFUHWH HOHPHQW OLQHDU SRVLWLRQ
YHORFLW\ DQG DFFHOHUDWLRQ
7KH GLVFUHWH HOHPHQW RULHQWDWLRQV DUH GHVFULEHG E\ TXDWHU
QLRQV QRWHG T(W) WKDW DOORZ DQ HII FLHQF\ ZD\ WR FRPSXWH WKH UR
WDWLRQ RI WKH ORFDO IUDPHV DVVRFLDWHG ZLWK GLVFUHWH HOHPHQWV >
§@ 7KH YHORFLW\ 9HUOHW VFKHPH LV DOVR DSSOLHG WR TXDWHUQLRQ
T(W) ZLWK




ÚT(W+ GW) = ÚT(W)+
GW

( T(W)+ T(W+ GW)) 
*HRPHWULFDO GHVFULSWLRQ
$FFRUGLQJ WR I JXUH  WKH VLOLFD SLHFH WR EH VXUIDFHG LV FRQ
VWLWXWHG E\ VSKHUHV OLQNHG WRJHWKHU E\ HODVWLF VROLG MRLQWV 7KLV
FOXVWHU IRUP D FXEH ZLWK D GLPHQVLRQ RI  μP 7KLV GLPHQVLRQ
LV FKRVHQ DFFRUGLQJ WR WKH PD[LPDO 66' OHQJWK H[SHULPHQWDOO\
REVHUYHG 7KH DYHUDJH VLOLFD GLVFUHWH HOHPHQW UDGLXV LV DURXQG
. μP WR NHHS UHDVRQDEOH FRPSXWDWLRQDO GXUDWLRQ 7KH UDGLXV
RI D JLYHQ VSKHUH LV FKRVHQ UDQGRPO\ DURXQG WKLV PHDQ YDOXH
7KH WRRO LV VLPSO\ GHI QHG E\ DQ HODVWLF SODQH 7KH DEUDVLYH SDU
WLFOHV DUH SODFHG EHWZHHQ WKH VLOLFD FXEH DQG WKH WRRO VHH I JXUH

%RXQGDU\ FRQGLWLRQV
7KH XSSHU ZDOO KDYH D VLQJOH GHJUHH RI IUHHGRP WKDW DOORZV
WUDQVODWLRQ RQ WKH< D[LV $Q XQLGLUHFWLRQDO FRQGLWLRQ LV DOVR LP
SRVHG 7KH XSSHU ZDOO FDQ RQO\ JR GRZQ $GGLWLRQDOO\ D QRUPDO

),*85(  *OREDO YLHZ RI PRGHO
SUHVVXUH DORQJ −< D[LV LV DSSOLHG RQ WKH XSSHU ZDOO $ YHORF
LW\ FRQGLWLRQ LV LPSRVHG WR WKH DEUDVLYH SDUWLFOHV  WKH\ DUH FRQ
VWUDLQHG WR PRYH DORQJ WKH ; D[LV ZLWK D YHORFLW\ HTXDO WR WKH
WRRO YHORFLW\ 3HULRGLFDO ERXQGDU\ FRQGLWLRQV DUH DSSOLHG RQ WKH
VLGHV LQ RUGHU WR PLPLF DQ LQI QLWH I RZ I HOG DORQJ ; DQG =
7KH VLOLFD PRGHO
7KH VLOLFD LV FRQVLGHUHG DV D EULWWOH HODVWLF PDWHULDO 7KH
GLVFUHWH HOHPHQW EHORQJHG WR WKH VLOLFD FXEH DUH OLQNHG E\ HODV
WLF (XOHU%HUQRXLOOL EHDPV ZKLFK SURGXFH PRUH UHDOLVWLF FUDFN
SDWWHUQ WKDQ WKH VLPSOH VSULQJ PRGHO RU WKH GXDO VSULQJ PRGHO
>  §@
&RKHVLYH EHDP ERQG PRGHO 7KH F\OLQGULFDO JHRPH
WU\ LV FKRVHQ EHFDXVH LW¶V GLPHQVLRQDO GHVFULSWLRQ UHTXLUHV RQO\
WZR LQGHSHQGHQW SDUDPHWHUV D OHQJWK /μ DQG D UDGLXV Uμ 7KH
PHFKDQLFDO SURSHUWLHV DUH DOVR OLQNHG WR WKH FRKHVLYH EHDPV D
<RXQJ¶V PRGXOXV (μ DQG D 3RLVVRQ¶V UDWLR νμ  7KHVH IRXU JHR
PHWULF DQG PHFKDQLFDO SDUDPHWHUV VXII FH WR GHVFULEH WKH FRKH
VLYH EHDP 1RWH WKDW WKH FRKHVLYH EHDPV DUH PDVVOHVV PDVV
SURSHUWLHV DUH DVVLJQHG RQO\ WR WKH GLVFUHWH HOHPHQWV
)RU WKH VDNH RI FODULW\ I JXUH  VKRZV D FRQI JXUDWLRQ LQ
ZKLFK WKH GLVFUHWH HOHPHQWV KDYH EHHQ PRYHG DZD\ 7KH FRKH
VLYH EHDP LV V\PEROL]HG E\ LWV PHGLDQ OLQH %RWK FRKHVLYH ERQG
HQGV DUH I [HG WR WKH GLVFUHWH HOHPHQW FHQWHUV 2 DQG 2 )LJXUH
E VKRZV WKH FRKHVLYH EHDP LQ D ORDGLQJ VWDWH LQGXFHG E\ WKH
GLVFUHWH HOHPHQW PRYHPHQW UHODWLYHO\ WR WKH LQLWLDO FRQI JXUDWLRQ
7R GLVWLQJXLVK PLFUR IURP PDFUR SURSHUWLHV PLFUR SDUDPHWHUV DUH GHQRWHG
E\ ¶μ¶ DQG PDFUR SDUDPHWHUV E\ ¶0¶
7KH DQDO\WLF PRGHO RI (XOHU%HUQRXOOL EHDP LV ZHOO NQRZQ
>@ ,Q UHIHUHQFH > §@ WKH DXWKRU GHVFULEH D VWLIIQHVV PD
WUL[ H[SUHVVHG LQ WKH EHDP ORFDO IUDPH IRU D I QLWH HOHPHQW DSSOL
FDWLRQ &RQVHTXHQWO\ WKH IRUFH DQG WRUTXH UHDFWLRQV DFWLQJ RQ









































































−−→)'( DUH WKH EHDP IRUFH UHDFWLRQV DFWLQJ RQ GLV




7'( DUH WKH EHDP WRUTXH UHDFWLRQV DFWLQJ RQ GLV
FUHWH HOHPHQWV  DQG 
Oμ DQG ΔOμ DUH WKH LQLWLDO EHDP OHQJWK DQG WKH ORQJLWXGLQDO
H[WHQVLRQ
−→θ(θ[,θ\,θ]) DQG
−→θ(θ[,θ\,θ]) DUH WKH URWDWLRQV RI
EHDP FURVV VHFWLRQ DW WKH SRLQWV 2 DQG 2 H[SUHVVHG LQ WKH
EHDP ORFDO IUDPH
6μ  ,Rμ DQG ,μ DUH WKH EHDP FURVV VHFWLRQ DUHD SRODU PRPHQW





(μ DQG *μ DUH WKH <RXQJ DQG VKHDU PRGXOXV
1RWH WKDW UHDFWLRQ IRUFH DQG WRUTXH DUH H[SUHVVHG LQ WKH EHDP
ORFDO IUDPH )  7KH IRXU SDUDPHWHUV WKDW GHI QH WKH PLFUR EHDP
/μ  Uμ  (μ DQG νμ KDYH RQO\ DQ LQI XHQFH RQ WKH HODVWLF EHKDYLRU
RI WKH DVVHPEO\ 7KHVH PLFURVFRSLF SDUDPHWHUV DUH FDOLEUDWHG
WKDQNV WR WHQVLOH WHVWV WR SURGXFH DW WKH PDFURVFRSLF OHYHO WKH
VLOLFD <RXQJ PRGXOXV DQG 3RLVVRQ UDWLR
$ IDLOXUH FULWHULRQ LV LQWURGXFH WR PLPLF FUDFNV LQVLGH WKH VLO
LFD 7KLV FULWHULRQ LV EDVHG RQ PDWHULDO VWUHQJWK WKHRU\ RI EULWWOH

D 5HOD[LQJ VWDWH E /RDGLQJ VWDWH











7KH VWUHVV FULWHULRQ σμ I LV DOVR FDOLEUDWHG WKDQNV WR WHQVLOH IDLOXUH
WHVWV
7KH VLOLFD FRQWDFW PRGHO $IWHU D EHDP IDLOXUH WKH GLV
FUHWH HOHPHQWV OLQNHG E\ D EURNHQ EHDP FRXOG LQWHUDFW E\ HODV
WLF FRQWDFW 7R GHGXFH WKH FRQWDFW VWLIIQHVV YLUWXDO VHPLFXELF
VKDSHV C DQG C DUH DVVRFLDWHG WR GLVFUHWH HOHPHQWV VHH I J
XUH  7KLV SURFHVV DOORZV WR FRUUHFW WKH UHVLGXDO YRLG EHWZHHQ





:KHUH ( LV WKH VLOLFD <RXQJ PRGXOXV DQG 5 DQG 5 DUH WKH GLV
FUHWH HOHPHQW UDGLL
+HUW]LDQ FRQWDFW
([FHSW WKH VLOLFD GLVFUHWH HOHPHQWV WKDW PRGHO D VLQJOH ERG\
DOO WKH RWKHU GLVFUHWH HOHPHQWV WKDW PRGHO GLVWLQFW ERG\ FRXOG
LQWHUDFW E\ FRQWDFWV 7KH VKDSH RI WKHVH GLVFUHWH HOHPHQWV DUH
VXSSRVHG UHSUHVHQWDWLYH RI WKHLU UHDO PRUSKRORJ\ 7KH FRQWDFW
ODZ EHWZHHQ GLVWLQFW ERG\ DUH GHGXFHG IURP WKH KHUW]LDQ FRQWDFW


















:KHUH I LV WKH UHDFWLRQ IRUFH ( ( ν ν WKH ERG\¶V <RXQJ
PRGXOXV DQG 3RLVVRQ UDWLR δ WKH VSKHUH LQWHUSHQHWUDWLRQ DQG Q
D XQLW YHFWRU DORQJ WKH FRQWDFW QRUPDO GLUHFWLRQ
7KH I XLG PRGHO
7KH ZDWHU VROXWLRQ GXULQJ WKH JULQGLQJ SURFHVV LV FRQVLGHUHG
DV D &RXHWWH I RZ 7KH I XLG YHORFLW\ LV FKDUDFWHUL]HG E\ D OLQHDU
JUDGLHQW LQVLGH LWV WKLFNQHVV $W WKH LQWHUIDFH WKH PD[LPDO DQG
PLQLPDO YHORFLW\ DUH HTXDO WR WKH WRRO YHORFLW\ DQG WKH VLOLFD YH
ORFLW\ FRQVLGHUHG DV QXOO VHH I JXUH  7KH DFWLRQ RI WKH I XLG

),*85(  ' LOOXVWUDWLRQ RI WKH I XLG PRGHO
DFWLQJ RQ VXEPHUJHG GLVFUHWH HOHPHQW DUH JLYHQ E\ > §@
I = πη5(Y I − YG) 
P= πη5( ω I − ωG) 
:KHUH
η LV WKH I XLG YLVFRVLW\
5 LV WKH GLVFUHWH HOHPHQW UDGLXV
Y I DQG ω I DUH OLQHDU DQG DQJXODU I XLG YHORFLWLHV FRPSXWHG
DW WKH GLVFUHWH HOHPHQW DOWLWXGH
YG DQG ωG DUH OLQHDU DQG DQJXODU GLVFUHWH HOHPHQW YHORFLWLHV
7KH OLQHDU DQG DQJXODU I XLG YHORFLWLHV IRU D JLYHQ DOWLWXGH \G DUH
JLYHQ E\











6XEVXUIDFH GDPDJH PHDVXUHPHQW PHWKRG
)RU RSWLF PDQXIDFWXUHUV WKH PDLQ LQWHUHVWLQJ YDOXH LV WKH
PD[LPDO 66' OHQJWK WKDW FKDUDFWHUL]H WKHLU SURFHVV ,Q WKH '(0
PRGHO LW LV FRQVLGHUHG WKDW D EURNHQ EHDP LQVLGH WKH VLOLFD FXEH
PRGHO D 66' 7KH OHQJWK RI WKLV 66' LV JLYHQ E\ WKH DOWLWXGH RI
WKH EURNHQ EHDP LQ UHODWLRQ WR WKH ´DEUDGHG VXUIDFH´ RI WKH VLOLFD
7KH DEUDGHG VXUIDFH LV FRQVLGHUHG DV WKH ODVW VLOLFD GLVFUHWH
HOHPHQW OD\HU LQ FRQWDFW ZLWK WKH VOXUU\ 'XULQJ WKH VLPXODWLRQ
WKH PRUSKRORJ\ RI WKLV OD\HU FKDQJHV $Q DOJRULWKP LV XVHG WR
XSGDWH DQG VDYH WKH SRVLWLRQV RI GLVFUHWH HOHPHQWV EHORQJLQJ WR
WKLV OD\HU 7KLV SRVLWLRQ VHW LV WUHDWHG E\ OLQHDU LQWHUSRODWLRQ WR
UHDFK D ' PDS RI WKH DEUDGHG VXUIDFHS VHH I JXUH 
7KH 66' OHQJWK LV FRPSXWHG E\ SURMHFWHG WKH EURNHQ EHDP
SRVLWLRQ UHG FLUFOH SRLQWV RQ WKH I JXUH RQ WKH LQWHUSRODWHG VXU
IDFH S DORQJ WKH −< D[LV EOXH VTXDUH SRLQWV RQ WKH I JXUH
















),*85(  66' GLVWULEXWLRQ DV D IXQFWLRQ RI WKHLU OHQJWK
)LQDOO\ WKH 66' OHQJWK QRWHG F66' LV JLYHQ E\ WKH GLVWDQFH EH
WZHHQ WKHVH WZR SRVLWLRQV
7KLV QXPHULFDO WUHDWPHQW DOORZV WR SORW DQ KLVWRJUDP RI WKH
66' QXPEHU DV D IXQFWLRQ RI WKHLU OHQJWKV VHH I JXUH  7KLV
GLVWULEXWLRQ VKRZV JRRG DJUHHPHQW ZLWK H[SHULPHQWDO REVHUYD
WLRQV >@ DQG FRXOG EH DSSUR[LPDWHG E\ D GHFUHDVLQJ H[SRQHQ
WLDO IXQFWLRQ 
I ([) = DH−E[ ZLWK E≥  
7KH D DQG E FRHII FLHQW DUH I WWHG E\ D OHDVW VTXDUH PHWKRG VHH
UHG FXUYH RQ I JXUH  7KH\ DOORZ WR FRPSXWH D FULWHULRQ EDVHG
RQ VWDWLVWLFDO DVVXPSWLRQ ,W LV FRQVLGHUHG WKDW WKH PD[LPDO 66'
OHQJWK LV WKH OHQJWK ZKHUH  RI 66' DUH EHORZ WKLV YDOXH 7KLV
YDOXH LV QRWHG F
7KH I JXUH  VKRZV WKH HYROXWLRQ RI F GXULQJ WKH VLPXOD
WLRQ ,W LV REVHUYHG WKDW DIWHU D GHOD\ WKH YDOXH EHFRPHV VWDEOH
7KLV FRQYHUJHG YDOXH LV FRQVLGHUHG DV UHSUHVHQWDWLYH RI WKH PD[
LPDO OHQJWK RI 66' IRU D JLYHQ QXPHULFDO H[SHULHQFH
1XPHULFDO H[SHULHQFHV
7KH H[SHULPHQWDO REVHUYDWLRQ JLYHQ E\ UHI >@ DUH WDNHQ DV
UHIHUHQFH RI WKLV VWXG\ 7KH QXPHULFDO ERXQGDU\ FRQGLWLRQV DQG
ORDGLQJ DUH FDOLEUDWHG WR I W ZLWK WKH H[SHULPHQWDO SURFHVV 7KH
LQI XHQFH RI DEUDVLYH SDUWLFOH VL]H WRRO YHORFLW\ DQG FRQFHQWUD
WLRQ DUH VWXGLHG
7R UHDFK WKLV JRDO DQ H[SHULHQFH ZLWK DYHUDJH YDOXHV RI WKHVH
SDUDPHWHUV LV WDNHQ DV UHIHUHQFH )RU D JLYHQ H[SHULHQFH RQO\ RQH
SDUDPHWHU LV VWXGLHG 7KH WDEOH  VXPPDUL]HV WKH QXPHULFDO H[
SHULHQFHV DQG WKHLU SDUDPHWHU YDOXHV 7KH YDOXHV DUH H[SUHVVHG
LQ WZR ZD\V  WKH H[SHULPHQWDO ZD\ FROXPQ H[S DQG WKH QX
PHULFDO PRGHO ZD\ FROXPQ GHP ,Q WKLV WDEOH WKH ¶¶ FKDUDFWHU

; μP






















%URNHQ EHDPV SURMHFWHG RQ (S )
),*85(  ' PDS RI WKH DEUDGHG VXUIDFH DQG 66' OHQJWK
([S 1DPH 3DUDPHWHUV
SUHVVXUH WRRO YHORFLW\ DEUDVLYH VL]H FRQFHQWUDWLRQ
H[S GHP H[S GHP H[S GHP H[S GHP
.J P1 USP P.V− μP μP  
UHIHUHQFH . .  .    
YHORFLW\     .    
YHORFLW\     .    
UDGLXV         
UDGLXV         
FRQFHQWUDWLRQ         
FRQFHQWUDWLRQ         
 DEUDVLYH QXPEHU
 PRUH SUHFLVHO\ WKH WRRO YHORFLW\
 PRUH SUHFLVHO\ WKH DEUDVLYH UDGLXV
 PRUH SUHFLVHO\ WKH DEUDVLYH FRQFHQWUDWLRQ RI WKH VOXUU\
7$%/(  6XPPDU\ RI QXPHULFDO H[SHULHQFHV ZLWK WKHLU SDUDPHWHU YDOXHV













F =  μP
),*85(  66' PD[ HYROXWLRQ
PHDQV WKDW WKH JLYHQ SDUDPHWHU KDYH WKH VDPH YDOXH WKDW WKH UHI
HUHQFH QXPHULFDO H[SHULHQFH
5HVXOWV DQG GLVFXVVLRQ
7KH WDEOH  VXPPDUL]HV WKH H[SHULPHQWDO DQG QXPHULFDO WHQ
GHQFLHV 7KLV WDEOH VKRZ VLPLODU WHQGHQF\ FRQFHUQLQJ WKH LQI X
HQFH RI DEUDVLYH VL]H 7KHUHIRUH WKH QXPHULFDO DQG WKH H[SHUL
PHQWDO LQI XHQFHV RI WRRO YHORFLW\ VHHP WR EH LQ FRQWUDGLFWLRQ $
SRVVLEOH H[SODQDWLRQ LV WKDW WKH QXPHULFDO PRGHO RI WKH I XLG LV
WRR VLPSOH 3UREDEO\ GXULQJ WKH JULQGLQJ OLIW SKHQRPHQD FRXOG
KDSSHQ ,I WKH WRRO YHORFLW\ LQFUHDVHV WKH OLIW IRUFH PD\ LQFUHDVH
DOVR DQG FRXOG DIIHFW WKH HIIHFW RI WKH QRUPDO SUHVVXUH 7KH LQ
WHUDFWLRQV EHWZHHQ I XLG DQG VLOLFD FRXOG EH LPSURYHG E\ XVLQJ
PRUH UHDOLVWLF I XLG PRGHO $ SRVVLEOH ZD\ LV WR FRXSOH WKH '(0
PRGHO WR PHVKIUHH GHVFULSWLRQ RI I XLG OLNH WKH 6PRRWKHG 3DUWL
FOH +\GURG\QDPLFV 63+ PHWKRG >@
&RQFHUQLQJ WKH DEUDVLYH FRQFHQWUDWLRQ RQO\ WKH GHFUHDVLQJ
HIIHFW LV QXPHULFDOO\ REVHUYHG $ JOREDO H[SODQDWLRQ RI WKHVH
GLYHUJHQFHV LV WKDW WKH SDUDPHWHUV DW WKH PDFURVFRSLF VFDOH H[
SHULPHQWDO FRXOG EH FRXSOHG )RU H[DPSOH WKH YHORFLW\ FRXOG
DIIHFW WKH SUHVVXUH DQG WKH FRQFHQWUDWLRQ FRXOG DIIHFW WKH UHOD
WLYH YHORFLW\ EHWZHHQ WRRO DQG VLOLFD SDUW
7KH WDEOH  VKRZV D GHWDLOHG YLHZ RI QXPHULFDO UHVXOWV 7KLV
WDEOH VKRZV WKH PD[LPDO 66' OHQJWK WKH 5RXJK 0HDQ 6TXDUH
506 URXJKQHVV DQG WKH UDWLR EHWZHHQ WKLV WZR SDUDPHWHUV
7KH PD[LPDO 66' YDOXHV VKRZ DFFRUGDQFH ZLWK WKRVH REVHUYHG
LQ >@ ,Q DGGLWLRQ LI WKH ´YHORFLW\ ´ QXPHULFDO H[SHULHQFH LV
H[FOXGHG LW LV REVHUYHG WKDW WKH UDWLR LV TXLWH VWDEOH DURXQG .
. 7KLV SURSRUWLRQDOLW\ EHWZHHQ URXJKQHVV DQG PD[LPDO 66'
OHQJWK KDV EHHQ H[SHULPHQWDOO\ REVHUYHG >@ 7KLV HPSLULFDO




$EUDVLYH VL]H ↗ ↗ ↗
7RRO YHORFLW\ ↗ ↘ ↗
$EUDVLYH FRQFHQWUDWLRQ ↗ ↗↘ ↘
7$%/(  ([SHULPHQWDO DQG QXPHULFDO WHQGHQF\
([S QDPH F 5RXJKQHVV 5DWLR
F UPV F/UPV
μP μP
UHIHUHQFH  . .
YHORFLW\    .
YHORFLW\   . .
UDGLXV   . .
UDGLXV    .
FRQFHQWUDWLRQ   . .
FRQFHQWUDWLRQ    .
7$%/(  'HWDLO RI QXPHULFDO UHVXOWV
&RQFOXVLRQ
7KH SUHVHQWHG ZRUN XVHG D GLVFUHWH HOHPHQW PRGHO WR LQ
YHVWLJDWH WKH VXEVXUIDFH GDPDJH GXH WR ORRVH DEUDVLYH JULQGLQJ
2ULJLQDO QXPHULFDO PHWKRGV KDV EHHQ GHYHORSHG WR I QHO\ FKDU
DFWHUL]H WKH DEUDGHG VXUIDFH DQG VXE VXUIDFH GDPDJH OD\HU 7KH
QXPHULFDO UHVXOWV VKRZ DJUHHPHQW ZLWK VRPH H[SHULPHQWDOO\ RE
VHUYHG WHQGHQFLHV $GGLWLRQDOO\ WKH PD[LPDO 66' OHQJWK KDV WKH
VDPH RUGHU RI PDJQLWXGH DV WKRVH REVHUYHG H[SHULPHQWDOO\ )L
QDOO\ WKH HPSLULFDO EHWZHHQ PD[LPDO 66' OHQJWK DQG URXJKQHVV
KDV EHHQ UHJDLQHG 7KHUHIRUH VRPH HIIRUWV PXVW EH GRQH WR PRGHO
PRUH SUHFLVHO\ WKH DEUDVLRQ LQWHUIDFH DQG SDUWLFXODUO\ WKH I XLG
LQWHUDFWLRQ E\ XVLQJ PRUH UHDOLVWLF I XLG PRGHO OLNH 63+ PHWKRG
$FNQRZOHGJHPHQWV
7KLV ZRUN LV VXSSRUWHG E\ WKH &RQVHLO 5HJLRQDO G¶$TXLWDLQH
DQG LV SHUIRUPHG LQ WKH IUDPHZRUN RI WKH (WXGH HW )RUPDWLRQ HQ
6XUIDFDJH 2SWLTXH ()(62 SURMHFW 7KH GHYHORSPHQWV FDUULHG
RXW GXULQJ WKLV SURMHFW KDYH EHHQ LPSOHPHQWHG LQ WKH *UDQ22
SURMHFW 6HH KWWSZZZJUDQRRRUJ IRU GHWDLOV

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